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m Changing Money

How manywayscanyou makechangefor 1 dollar, using1-,10-25-50-and100-centoins?
In thissectiona = {1, 5, 10, 25, 50, 100} is thelist of coindenominations.

If we try to solvethis with a recurrenceelation,we could reasorthatthe numberof ways f(n) of makingchangefor n
centsis thesum,overall coinswe couldsubtractrom n, of the numberof waysof makingthe smalleramount;.e.

0, k<O
fk)={ 1, k=0
@ f(k-a), k>0

Unfortunately,this gives8,577,874,824,92%aysto makechangefor a dollar, which cannotbe correctasthereareonly
444,793integerpartitionsof 100.

Theerrorin reasoningshouldbe foundwith thefirst incorrectresult.
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Thereareonly two waysto makechangefor 6 cents,but f(6) = 3. f givesthe numberof waysof making5 centsand
addinga penny,plusthe numberof waysof making1 centandaddinga nickel. Whenchangingmoney,we would like “1
penny,1 nickel” and“1 nickel, 1 penny’ to be consideredasjust oneway of makingchangefor 6 cents.

We canfix this by addingeachtype of coinin turn; we will not be ableto countdifferentorderingstwice if thereareno
differentorderings.

By increasinghe dimensionof the recurrencerelation,we keeptrack of enoughinformationto actuallysolvethe problem.
Let f(n, k) bethenumberof waysof makingchangefor n centsusingonly thefirst k typesof coin.

0, k<lorn<0O
f(n,k):{l, n=0

f(n,k-1)+ f(n—a, k), else

The boundarycasesasserthatthereis exactlyoneway to makechangefor 0 centsusinga positivenumberof coins,but
thereareno waysto makechangefor negativeamountspr usingno coins.

In the non—-boundargase the numberof waysof makingchangeusingthefirst k typesof coin is the numberof waysthat
don’t usethatcoin, f(n, k — 1), togethemwith the numberof waysthatdo, f(n — ay, k).

The purposeof describingthis, is to give a methodto solvethis problemby hand.The previousrecurrenceelationis still
too awkwardfor directcomputationsowe presentwo tricks.
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First, the numberof waysof makingchangeusingonly thefirst type of coin, (whichis alwaysassumedo be 1 in this sort
of problemsothatchangecanbe madefor anyintegralamount),is alwaysexactly 1. Thereforewe consideronly multiples
of 5, which reduceghe numberof relevantvaluesfor n to 21, whichis managabldy hand.

The following tableshowsthatthereare293waysto makechangefor adollar.

n|fn1 f(n,2) f(n,3) f(n,4 f(n,5 f(n,6)
1 1 1 1 1

5 1 2 2 2 2 2
10 1 3 4 4 4 4
15 1 4 6 6 6 6
20 1 5 9 9 9 9
25 1 6 12 13 13 13
30 1 7 16 18 18 18
35 1 8 20 24 24 24
40 1 9 25 31 31 31
45 1 10 30 39 39 39
50 1 11 36 49 50 50
55 1 12 42 60 62 62
60 1 13 49 73 77 7
65 1 14 56 87 93 93
70 1 15 64 103 112 112
75 1 16 72 121 134 134
80 1 17 81 141 159 159
85 1 18 90 163 187 187
90 1 19 100 187 218 218
95 1 20 110 213 252 252
100 1 21 121 242 292 293

The rule for updatingis that given by the recurrencefor example 187 = (90, 4) = (90, 3) + f(65, 4). Thistableis still
too awkwardfor handcomputationsowe presenta secondrick.

By usingthe equivalentrecurrenceelation

0, k>laorn<O
f(n,k) =11, n=0
f(n,k+1) + f(n—a, k), else

theresultingtableis sparseandthe numbersaresmaller.
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n |fn1l f(n,2) f(n,3) f(n,4 f(n,5 f(n, 6)
0 1 1 1 1 1 1
5 2 1

10 4 2 1

15 6 2

20 9 3 1

25 13 4 1 1

30 18 5 1

35| 24 6 1

40| 31 7 1

45 | 39 8 1

50 | 50 11 3 2 1

55| 62 12 1

60 | 77 15 3

65| 93 16 1

70 | 112 19 3

75| 134 22 3 2

80 | 159 25 3

85| 187 28 3

90 | 218 31 3

95| 252 34 3

100| 293 41 7 4 2 1

m Dynamic Programming

This is a specificinstanceof a moregeneraktechniqueknownasdynamicprogrammingwhich is often effectivein attack
ing combinatoriabroblemslt worksbestwith acomputerputwith afew tricks, it canbe employedby hand.

The generaldeaof solvinga problemthisway is to find arecursivesolutionin which manysubcasesverlap.Theanswers
to thesesubproblemganbestoredin atable,sothattheyareneversolvedmorethanonce.

For example the coin—changingroblemhasa greatdealof overlap,sincewe adddifferent coinsto the sametotal many
times.In fact, a straightforwarccomputerimplementatiorof the recurrenceelationrequires26,905functioncallsto f(n, k)
in orderto find the numberof waysto make changefor a dollar. But the answerabovewas found with only 68

computations.
The standarcexamples the computatiorof the Fibonaccinumbers,

fO=f1=1
fn=fh-+f(n-2)

A straightforwardC programto computef (50),

fi t 3?1:f(n-1)+f(n-2);
r%rgin(\%?dlilm {prliqn<tf("%d(\?1",f25+083‘;} M

makes25,172,538,04@allsto f(n); only 50 arenecessary.
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m Coin change revisited

The dynamicprogrammingapproacho this problemdoesnot work for very largevalues.By throwing someanalyticstuff
at it, we overcomethis problem.This sectionfollows the relevantpart of Graham,Knuth, and Patashnik’sConcrete
Mathematics.

The generatingunction for the problemis F(X) = w5 = o T T o0 - Firstwe would like to simplify by
consideringonly multiplesof 5.

1+x+X+x3 +x* 1 1 1 1 1
1-x° 1-x5 1-x10 1-x25 1-—x50 1 - x100
1 1 1 1 1
(1—x6)2 1-x0 153 10 1—x100)
=(1+x+X +x +x) GO)
1 1 1 1 1
1-x° 1-x 1-x5 1-x10 1-x0

F(X) =

=(L+x+x%+x +x4)(

G(x) =

The nth coefficientof the powerseriesof F(x) is the [n/5]th coefficientof G(x). G(x) is (1 - x20)_6 (which hasanice
powerseries)imesa polynomial, A(X) .

_ (1-x29)°

T 1-%2 (1) (1- x8) (1 — x10) (1 — x20)

S (LAXA 4 X (140 4 o+ xEB) (1458 + X104 x15) (1 + x10)

=14+2X+4X +6XC+9x} + - + 24X + 18X + 130 + 9X"T + 6 X8+ 4x7° + 280 4B

A(X)

The coefficientsof A(x) are

1,2,4,6,9, 13, 18, 24, 31, 39,50, 62, 77, 93, 112, 134, 159, 187, 218, 252, 287, 325 364,
406, 449, 493 538 584, 631, 679, 722 766 805 845, 880, 910, 935, 955, 970, 980, 985
985 980, 970, 955 935 910, 880, 845 805, 766, 722 679, 631, 584, 538 493 449, 406,
364, 325, 287, 252 218 187, 159 134, 112, 93, 77, 62, 50, 39, 31, 24,18,13,9,6,4, 2, 1

Now

_ ;_ O (K+ 5 ook
G(X) = A(X) T _A(x)é( c )x

If G(X) = 22 Ok X<, andAx) = 221 A XX, then

O20q+r = i Aj ( k-’5- 5)
ZOqi'rk=:200k+j
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which is essentiallya closedform, asfor anygivenn = 20q + r, thereareat most5 non-zerdéerms.This is a Mathematica
programto computethe numberof ways, f(n), of makingchangefor n centsusingpenniesnickels,dimes,quartershalf-
dollars,anddollar coins.

. - 5 .
a[j_ ] : = Coefficient ~ [Apart | T (17;12’)"?01&5) T lox s
fn_]:=Block [{v=|n/5], g=|v/20], r =v~Mod~20},

n_
Z;‘:Oa[r +20j ] Binomial [gq+5-j, 5]]

Hereis the codeatwork.

Ti mi ng[{f [100], f [10%°2], Short [f [10%%99277, Short [f [101°000277}]

{2.641 Second, {293,
13333333333333333333333333333333333333333333333333333333333333333333333333333333333
3333333333333333398333333333333333333333333333333333333333333333333333333333333333
3333333333333333333333333333333333445333333333333333333333333333333333333333333333
3333333333333333333333333333333333333333333333333333413833333333333333333333333333
3333333333333333333333333333333333333333333333333333333333333333333333354500000000
0000000000000000000000000000000000000000000000000000000000000000000000000000000000
000000001 , 133333333333333333 <«<49965 >> 0000000000000000001 ,

133333333333333333  <«<499966 >> 000000000000000001 3}

In 2.641 secondsywe computedhe numberof waysto makechangefor adollar (293, just asbefore) the numberof waysto
makechangefor 10 duotrigintillion dollars,aswell asfor 101°°%° and10'°°°® dollars.Thelasttwo arenot shownin full, as
they arevery long; the numberof waysto makechangefor 10'°°°% dollarsis anintegerwith 500,002digits.

The numberof waysto makechangefor 104°°%°% dollarsis aninteger5,000,002igits long; this may be a pattern.lt is
doubtfulthatanyonehasbhothereccomputingsuchthingsbefore,or thatanyonecares.

m Solving Recurrence Relations

There are strong connectiondbetweendifferential equationsand differenceequations As with differential equations,
recurrenceelationscannot usuallybe solvedexplicity whentheyaredefinedby non-lineaequations.

Recurrenceelationshaveintriguing propertiesThefollowing, up to andincludingthe statemenbf Sarkovskii'stheoremjs
takenmostly verbatimfrom Bendixson Criteria for Difference Equations by C. ConnellMcCluskey.The proofis referencec
to page63in An Introduction to Chaotic Dynamical Systems by R. L. Devaney.

Sarkovskii'sordering:the orderof the odd integersgreaterthanl is reversedi.e.3> 5> 7 > ---. Evenmultiplesareadded
to theorderby 2"'3>2"5> ---, and2" (2i+ 1) > 2" (2 + 1), if m>n andi, j > 0. Powersof 2 areaddedin decreasing
ordersothat

36505235250 --522.32.5p...2".3p ... 22p2p1

Theorem(Sarkovskii).If f :R - R is continuousandhasa periodicpoint of leastperiodk, thenif k> |, f alsohasa point
of leastperiodl .

In particular if therecurrenceelationag = ag, an.1 = f(a,) hasanyperiodicorbit, thenit musthaveanorbit of period2.

If we allow randomrecurrenceelations,.e.an,1 = f(a,), wheref(x) = gi(x), whereeachg; is choserwith probability p; ,
thentheresultis afractalif theg; andp; arechoserappropriately.
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Therearea numberof techniquegor solvingrecurrenceelations.Generatingunctionsusuallywork in simplecasesThey
may remindyou of power-serieechniquedor solvingdifferentialequations.

Define the generatingfunction G(x) = 3.7, f(n) X", where f(n) is the nth Fibonaccinumber.We completelyignore
guestion®f convergencetheymaygetin theway of solvingthe problem.

0o

f(n)x" = 3 (f(n—l)+ f(n-2)x"
if(n 1)x”+if(n 2) X"

—XZ f(n) X" +XZZ f(n) x"

-1+G(x) = (x+x ) G(X)
~1=0 +x-1)G(X)

SothatG(x) = =1/ (X% + x— 1). Applying the methodof partialfractions,

-1 3 1

G = X4+x-1 (x- 1+«/§)(X_ 1—\/§)

S S eS|

n=1

Sincethetwo powerseriesareequal their coefficientsmustbethe same;

=g (225 (5]

Since 1‘f is small, T (£2) roundedo thenearestntegeris equalto f(n).



